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Abstrat.  We eluidate how the presene of noise may signiantly interat with the
synhronization mehanism of systems exhibiting frequeny-loking. The response of these
systems exhibits a rih variety of behaviors, suh as resonanes and anti-resonanes whih an
be ontrolled by the intensity of noise. The transition between dierent loked regimes provokes
the development of a multiple enhanement of the eetive diusion. This diusion behavior
is aompanied by a rest-like peak-splitting asade when the distribution of the lokings is
self-similar, as it ours in periodi systems that are able to exhibit a Devil's stairase sequene
of frequeny-lokings.
The phenomenon of frequeny synhronization or frequeny-loking is generi for nonlinear
dynamial systems where two or more frequenies ompete. It has been observed in a great
variety of situations inluding the ases of the driven pendulum, harge-density-waves [1℄,
hemial reations [2℄ or Josephson juntions [3℄, to mention just a few. Its main harateristis
is the appearane of a omplex distribution of plateaus or stairase struture in the response
of these systems. The presene of the plateaus is the signature of the loking at dierent
frequenies whih are rational multiples of the driving frequeny.
A simple model exhibiting frequeny-loking is the periodially driven washboard potential.
This type of potential is partiularly interesting sine its ubiquity and simpliity makes it
the arhetype for modeling transport in periodi systems. A great variety of ondensed-
matter systems an be modeled using this potential. We may refer the ases of Josephson
juntions [4℄, harge-density-waves [5℄, superioni ondutors [6℄, rotation of dipoles in external
elds [7℄, phase-loked loops (PLL) [8℄, diusion on surfaes [9℄ or separation of partiles by
eletrophoresis [10℄, to mention just a few [11℄. When the washboard potential is periodially
driven it exhibits a great variety of non-linear phenomena inluding phase-loking, hysteresis
[12℄, stohasti resonane [13℄ and haos [14℄ .
Our purpose in this Letter is to report interesting new phenomena whih take plae in
periodially driven multistable systems arising as a onsequene of the ooperative eet
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between synhronization and noise. We shall demonstrate that the interplay between the
frequeny-loking and the noise gives rise to a multi-enhanement of the eetive diusion,
and a rih behavior of the urrent as well, inluding partial suppression and harateristi
resonanes.
For the sake of simpliity, we will start our analysis onsidering the model of overdamped
Brownian motion of a partile in a washboard potential with a modulated tilt. In saled units,
the dynami equation is given by
dx
dt
= − sin(x) + F +A cos(ωt) + ξ, (1)
where F is the tilt, A is the amplitude of the periodi input, and ω its angular frequeny. The
system is under the inuene of a Gaussian white noise ξ of zero mean and delta-orrelated
〈ξ(t)ξ(t′)〉 = 2Dδ(t − t′), with D dening the noise level. Transport harateristis an be
























A main feature of the deterministi dynamis of the model is the appearane of a multi-
pliity of plateaus in the urrent when represented against the tilt, whih have been referred
to as Shapiro steps [3℄ (see Fig. 1). This trait is a onsequene of the loking of the partile
veloity at the harmonis of the driving frequeny. Naively speaking, the frequeny-loking
ours beause the partile tends to synhronize its motion with the periodi fore to overome
an integer number of wells during one yle of the fore. The size of the jumps in the urrent
is ∆ 〈v〉 = ω. The deterministi dynamis of this model has been widely haraterized in the
literature [15℄, and the existene of mode-loking has been orroborated experimentally [1℄, [3℄.
A remarkable onsequene of the loking is that the response of the system an be on-
trolled by means of the modulated omponent of the tilt (for instane, mode-loked Josephson
juntions are used as a voltage standard [16℄). Partiularly interesting is the fat that, for
some values of the parameters, one an ahieve values of the veloity larger than the tilt F ,
as ours for F = 0.25, and A = 1.5 in the example depited in Fig. 1.
These peuliar nonlinear harateristis of the deterministi dynamis gives rise to inter-
esting transport phenomena when noise is present. There has been a pronouned interest
in the eet of noise in this model [17℄, espeially in the ontext of Josephson juntions,
laser-gyrosopes and harge-density-waves. The linear and nonlinear response has been har-
aterized as a funtion of the tilt [17℄, the driving frequeny or the amplitude [18℄- [20℄, and
suh intriguing phenomena as the redution of the low-frequeny broadband noise level in the
loked regime of harge-density-waves have been measured [1℄ and desribed [21℄. Here we
will fous on two dierent, previously unexplored aspets: the response as a funtion of the
noise level and the behavior of the eetive diusion in terms of the ontrol parameter (the
tilt or the amplitude). Our results have been obtained from numerial simulations of Eq. (1).
When the veloity is analyzed in terms of the noise level, it exhibits dierent regimes,
whih an be tuned through the value of the tilt F , as depited with Fig. 2. One of these
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Fig. 1  Average veloity as a funtion of the tilt F , for angular driving frequeny ω = 0.5 for dierent
driving strengths and noise intensities. The deterministi behavior in absene of driving is depited
with the dashed line; the Shapiro step behavior is shown by the solid line. Small noise smooths the
Shapiro steps (dotted line).
Fig. 2  Veloity as a funtion of the level of noise for a driving strength A = 1.5 and angular frequeny
ω = 0.5 for dierent values of the tilt F .
regimes, orresponding to the urve F = 0.9 in Fig. 2, reets a monotoni inrease of the
urrent with the intensity of noise (see also below). This behavior just mimis the situation
whih ours in the absene of driving (not shown). Then, the addition of noise failitates the
esape of the partile trapped in the potential, thus inreasing its veloity downhill. However,
when the periodi driving is present and synhronization ours, a more rih phenomenology
emerge. For instane, the opposite behavior an also be found, i.e., a monotoni derease of
the urrent vs. inreasing noise intensity (as for F = 0.2 in Fig. 2). Moreover, for another
range of values of the tilt, the behavior is no longer monotoni: the urrent exhibits either an
anti-resonane or a resonane, evidened through the presene of a minimum (as for F = 1.0
in Fig. 2) or a maximum (F = 0.12 in Fig. 2), respetively, at harateristi values of the
noise level.
The jumps in the urrent, whih are the result of the loking of the veloity at integer
multiples of the driving frequeny, yield the underlying mehanism for the appearane of
the dierent regimes. Their existene an be qualitatively understood from the analysis of
the deterministi dynamis (see Fig. 1). A small amount of noise tends to smooth the
steps beause the noise helps the partile to esape from its trapped, phase-loked state.
Consequently, at small values of the noise, the urrent inreases for values of the tilt F on the
right half of the plateaus (i.e., before the jump for the veloity has ourred) and dereases
on the other half of the plateaus (i.e., after the jump has ourred). For high noise levels, the
partile does not notie the presene of the potential and its veloity thus tends to a limiting
value whih orrespond to the value of the tilt F , i.e. 〈v〉 → F as D →∞. These two limiting
tendenies determine the appearane of the dierent regimes. For instane, a monotoni
inrease of the urrent may our for values of the tilt F on the right half of synhronization
plateaus (as for F = 0.9 in Fig. 2) beause the addition of noise onsistently inreases the
veloity up to the limiting value of 〈v〉 = F . Similarly, the anti-resonane ours for values
of the tilt on the left half of the plateaus (as for F = 1.0 in Fig. 2), beause the smoothing
of the steps leads to an initial derease of the urrent with the noise, followed by an inrease
in order to reah the asymptoti 〈v〉 → F . The ourrene of the remaining regimes requires
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Fig. 3  Eetive diusion Deff/D as a funtion of the tilt F , for a driving strength A = 1.5, angular
frequeny ω = 0.5 for dierent values of the level of noise D.
Fig. 4  Close-up of the behavior of Deff/D in Fig. 3 superimposed to the plot 〈v〉 vs. F . The peaks
in Deff our at the onset of transition between the loked and non-loked regimes.
speial onditions. In partiular, a maximum of the veloity or a monotoni dereasing regime
may only appear for values of the tilt before and after a step in whih 〈v〉 exeeds the value
〈v〉 = F for D = 0 (as F = 0.12 and F = 0.2 in Fig. 2, respetively). The neessity of this
requirement an be inferred from the above reasoning. It is also important to remark that the
behavior of the urrent vs. the tilt F is similar for values of the driving strength A < 1, thus
manifesting that these anomalous behaviors are not a peuliarity of strong driving.
The transition between the loked and non-loked regimes in the deterministi dynamis
gives rise to a peuliar behavior of the eetive diusion. In the numerial simulations of Eq.
(1) one observes the presene of multiple peaks in the eetive diusion when represented
as a funtion of the tilt, as depited in Fig. 3. As the intensity of noise diminishes, the
ratio Deff/D signiantly inreases, whih is the signature of an enhanement of the eetive
diusion. The loation of the peaks orresponds to the values of the tilt F at whih the jumps
in the urrent vs. F our. Consequently, by means of the periodi foring one an ontrol the
onditions under whih the enhanement of diusion ours. That is, by seleting the proper
amplitude or frequeny of the periodi driving, one an obtain a signiant enhanement of
the diusion at an arbitrary value of the tilt. Moreover, the eet is robust in the sense that
there exist a multipliity of values of the tilt for whih an enhanement of the diusion an
be obtained.
The mehanism for the enhanement of the eetive diusion an be traed bak to the
extreme sensitivity of the dynamis upon the addition of a small amount of noise. In the
frequeny-loked regime, the motion of the partile is enslaved by the periodi foring, hene
the eetive dispersion is small. In fat, the random perturbations are eetively suppressed
in the loked regime [1℄, [21℄, and the eetive, barrier-ativated diusion Deff is smaller
than the free diusion D. On the ontrary, in the non-loked regime, the behavior of the
stohasti partile dynamis beomes strongly diusive with large utuations. These extreme
utuations emerge beause of a drift-assisted splitting mehanism of the Brownian partile
dynamis. The giant enhanement of the eetive diusion takes plae lose to the parameter
region where the partile gets rid of the aptivity of the periodi driving. It is preisely at
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Fig. 5  Eetive diusion Deff/D as a funtion of the amplitude strength A, for the model desribed
by Eq. (4) at dierent values of the level of noise D. The plot of the deterministi response 〈v〉 vs.
A is overlaid.
Fig. 6  Magnied view of parts of Fig. 5. The plot 〈v〉 vs. A exhibits a Devil's stairase struture.
The splitting of the peaks of the eetive diusion, ourring at the onset of transition between
dierent loked regimes, beomes inreasingly more manifested as we derease the level of noise.
those transition points where the dynamis of the partile beomes partiularly sensitive to
the addition of a small dose of noise. This happens beause the synhronization is eiently
nourishing this drift-assisted splitting mehanism. Similar features been reported in Refs.
[22℄, [23℄ for the tilted washboard potential in the absene of periodi modulation, and in
Refs. [24℄, [25℄ for other systems at slow driving.
Qualitatively, it is quite suggestive that a very sensitive dependene of the urrent 〈v〉
upon small hanges of the stati fore F will be intimately onneted with a very sensitive
dependene of the partile trajetory x(t) on the random fore ξ(t), resulting in a greatly en-
haned diusion Deff/D. In other words, we may expet a qualitative (but not quantitative)
proportionality between d〈v〉/dF and Deff/D, whih is indeed onrmed by our numerial
ndings. In partiular, a areful analysis of the eetive diusion at very low levels of noise
reveals the existene of a splitting of the peaks, showing that the enhanement ours at ev-
ery transition between loked and non-loked regimes, and vie versa. This harateristi is
illustrated in Fig. 4. In the limit D → 0 there is no further splitting, and the ratio Deff/D
assumes giant values while at the same time the orresponding peak width narrows, thus
tending to a olletion of very sharp singularities whih are loated at every onset and every
end of the loked regimes.
This eet is not restrited to the behavior of the eetive diusion as a funtion of the
tilt F . The enhanement of the eetive diusion also takes plae at the onset of frequeny-
loking as a funtion of other ontrol parameters, suh as the amplitude A and the angular
frequeny ω.
The results reported above reveal the basi mehanism for the ourrene of multi-enhane-
ment of the eetive diusion. In the model we have implemented, the loking takes plae only
at integer values of the driving frequeny. We an now analyze the impliations of our results in
more omplex models exhibiting dierent types of synhronization mehanisms. A partiularly
interesting situation is the ase of potentials giving rise to a self-similar distribution of steps,
known as Devil's stairase [26℄. In these systems, in the absene of noise the phase loking
ours at every rational value of the driving frequeny 〈v〉 = n
m
ω, with n, m being integers.
In that ase, one has a self-similar distribution of transitions between loked and non-loked
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states, suggesting the ourrene of a orresponding asade of splitting of the peaks in the
eetive diusion in the presene of a small amount of noise. In Figs. 5 and 6, we have






+A cos(2pit) + ξ, (4)
where the amplitude is ε = 5, the periodi potential is U(x) = [cos(2pix)− 0.5 sin(4pix)] /2pi,
and ξ is a Gaussian white noise with zero mean and 〈ξ(t)ξ(t′)〉 = 2Dδ(t − t′). For these
values of the parameters, it has been shown in Ref. [27℄ that the model exhibits a Devil's
stairase struture in the urrent behavior, see the 〈v〉 vs. A plots of Figs. 5 and 6. Those
gures learly onrm the expeted progressive splitting of peaks of the eetive diusion
whih ours as the noise intensity is redued. It reveals the rih struture that the interplay
between synhronization and noise generates in this ase. The superimposed plots of 〈v〉 vs. A
orroborate that the enhanement of the eetive diusion ours at every onset of transition
between dierent loked regimes. The overall behavior for Deff thus assumes a hillrest-like
form, f. Fig. 6. This novel harateristi bearing of Deff vs. driving strength A shall
be termed a diusion-rest. We remark that in the rather dierent ontext of deterministi
dynamis in disrete time (haoti maps) a diusion oeient with a Devil's stairase-like
behavior has been revealed in [29℄, while in our ase the diusion oeient exhibits an even
more spetaular behavior, approahing qualitatively the derivative of a Devil's stairase for
asymptotially weak noise.
In onlusion, we have shown that the ooperation between noise and frequeny-loking
inherent to the deterministi dynamis of periodially driven systems gives rise to the appear-
ane of a rih transport phenomenology. When the response of a systems assumes a stairase
struture, the addition of noise leads to the ourrene of ounterintuitive phenomena. One
then observes the existene of regimes in whih the urrent is suppressed or the presene of
resonanes or anti-resonanes in terms of the noise level. The lowering of the noise level re-
veals the existene of a very peuliar behavior of the eetive diusion inluding a strongly
multi-enhanement and a rest-like splitting of the peaks whih an beome self-similar in the
ase of a loking behavior of the Devil's stairase type. This behavior evidenes the inrease of
the sensitivity of the system to small perturbations at the transition between dierent loked
and non-loked regimes. The multiple diusion enhanement is then a general phenomenon
ourring in systems for whih frequeny-synhronization ours and the response to an in-
put assumes a step-like struture. This new phenomenology implies interesting onsequenes
in transport theory of nonlinear systems and the ndings an in priniple be applied to a-
tual situations of pratial interests. The existene of diusion-rests provides a promising
mehanism for the seletive ontrol of diusion. This mehanism ould be useful, for ex-
ample, to improve and ontrol seletively the release of drugs in biologial tissues [30℄. For
eld-responsive systems [31℄, [32℄, i.e. eletro- and magneto-rheologial uids, the giant and
ontrolled enhanement of the diusion would give rise to a huge inrease of the rotational
visosity with potential appliations to magneti dampers.
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